The presentation of the algebra of classical observables of the closed bosonic NambuGoto-String in 3 + 1 dimensions is given for the massless case P 2 = 0, P = 0 in the relevant standard reference frame up to and including the second stratum. The elements and the relations of this algebra established so far are presented in the form of irreducible multiplets of the stabilizer group E 2 of the light-like vector P in its standard form.
Introduction
We consider the closed bosonic classical relativistic string as a one-dimensional extended object moving in 3 + 1-dimensional Minkowski space-time with metric η µν of signature (1, −1, −1, −1). It has been shown in [3] , [7] that the string possesses infinitely many, reparametrization invariant charges Z (K) µ 1 ...µ N , which provide a set of infinitesimal generators of active symmetry transformations. Hence they are also referred to as classical observables. Here N is the rank of the tensor while K denotes the degree of homogeneity. These invariant charges form an associative algebra under tensor multiplication and a graded Poisson algebra h ± P (for given momentum P ) under taking Poisson brackets. The rightmover part h − P and the leftmover part h + P of the algebra commute and their structure constants only differ by sign. Therefore it is sufficient to analyze just the rightmover part being denoted by h P in the following. The only invariants of degree K = 1 are the components P µ = Z (1) µ of the energy-momentum which are algebraically independent of all elements of the algebra. Moreover, they Poisson commute with all invariants. Thus we can consider them in the following as numbers and not as elements of the algebra. Doing so, the grading of the algebra is given, both with respect to multiplication and with respect to Poisson bracket operation, by a single degree l := N − K − 1, explicitly
Here V (l) (h P ) denotes the vector space of all invariant tensors Z (K) µ 1 ...µ N with N > 2, K ≤ N − 1. All these vector spaces are finite dimensional and referred to as strata. The vector space V (0) (h P ) is 3-dimensional and forms a subalgebra isomorphic to the Lie algebra of the stabilizer group of P µ .
By a proposition for the massive string a set of 'standard' invariants exists forming an infinite system of algebraically independent invariants which with respect to multiplication freely generate the algebra of invariants [6] . Additionally, for the massive string the presentation of the algebra has been given, i.e. a set of invariants generating the algebra with respect to Poisson bracket operation has been identified and all relations of degree l ≤ 6 between the generated elements have been computed [4] . In the present paper the algebra of classical observables is analyzed for the string with light-like energy-momentum. We construct a set of standard invariants analogously to the massive case and we give the presentation of the algebra in the standard reference frame of light-like P up to and including the second stratum. The generating elements and relations of the algebra, established so far, are arranged in irreducible multiplets of E 2 , the stabilizer group of light-like energy-momentum.
2 An Algebraic Basis for the Algebra of Invariant Charges for the Case P
2

= 0
The analysis of the algebra of invariant charges can be considerably facilitated by choosing a special reference frame, i.e. for the massive string one passes to the rest frame where P µ = δ µ,0 m, m > 0. Since the invariant tensors Z (K) µ 1 ...µ N transform covariantly under the orthochronous Poincaré group and the elements P µ are central in the algebra h P , one may without loss of generality specialize to the momentum rest frame. In [6] a minimal and complete algebraic basis for all conserved charges has been constructed for the massive string.
Here we start the analysis for the massless string with P µ P µ = 0, P = 0. We exclude the case P µ P µ = 0, P = 0 being here of no further interest. In the case of light-like energy-momentum no rest frame exists. Instead, the energy-momentum can be chosen to be P µ = (e 0 −e 3 ), so that the standard light-like vector P assumes the form (1, 0, 0, 0) in the new coordinates. This makes it possible to construct an algebraic basis for all conserved charges for the massless string in complete analogy to the massive case. Employing additionally the angular momentum basis vectors e −1 := 1 √ 2 (e 1 −ie 2 ) and e +1 := − 1 √ 2 (e 1 + ie 2 ), which will facilitate the presentation of the algebra later on, we obtain the metric coefficients in the new basis {e • , e −1 , e +1 , e × } as follows:
Note that e • and e × are conjugate to each other, as are e +1 and e −1 .
To continue the construction of a minimal and complete algebraic basis, we follow the course of construction which has been taken in the massive case and replace the subscripts by the following mappings 0 → •, 1 → −, 2 → +, 3 → ×. As in [6] the homogeneous invariants Z (K) µ 1 ... µ N are given by polynomials of degree K of the so called truncated tensors R t µ 1 ... µ N :
where Z N denotes the cyclic sum over N indices. The truncated tensors are distinguished by the fact that there are no other dependencies than linear ones among them. Hence, by choosing a basis for the truncated tensors, it is possible to express the invariant charges Z (K) µ 1 ... µ N explicitly as polynomials in algebraically independent tensors. The truncated tensors themselves, however, are not reparametrization invariant. With
all terms containing a factor R t i , i ∈ {−, +, ×} disappear in (2) . The polynomial degree of terms containing a factor R t
• decreases by one. Thus, the previously homogeneous polynomial becomes an inhomogeneous polynomial. Every invariant can now be assigned to a so called dominant part consisting of the terms with minimal polynomial degree, i.e. of a sum of dominant monomials. By means of this assignment, a system of algebraically independent invariants can be specified which generates the algebra of invariants via multiplication. First a maximal basis of those tensors R t µ 1 ... µ K+1 with µ 1 , µ K+1 ∈ {−, +, ×} is chosen. Each of these tensor components R t K+1,i (i = 1, . . . ) is assigned to a so called standard invariant 1 :
In any case, the dominant part of the standard invariants only consists of a single monomial, which is exactly the corresponding tensor component R t iµ 2 ... µ K j of the basis. According to the algebraical independence of the tensor components R t K+1,i (i = 1, . . . ), the standard invariants are algebraically independent. By proposition 17 of [6] for the massive case, meanwhile rigorously proved [8] , any invariant polynomial in the truncated tensors R t µ 1 ... µ N can be uniquely expressed as a polynomial in the standard invariants. For the massless case this proposition applies too: employing the basis {e • , e −1 , e +1 , e × } the metric changes but this is irrelevant for the application of the proposition. Thus the standard invariants provide an algebraical basis of the algebra of invariants in the standard reference frame.
Now we can determine the number n l of independent standard invariants of any stratum
in the massless case, independent in particular of the invariant charges of the strata with lower degree. This number coincides with the number of linear independent tensors R t µ 1 ... µ l+1
with indices µ 1 , µ l+1 ∈ {−, +, ×} at the extremal positions. The number n l is equal to the number of standard invariants of the same stratum in the massive case. The latter has been computed in [6] for general space-time dimension d and is given by:
Here the sum extends over all divisors D of N , and µ(D) denotes the Möbius function: For example one obtains n 0 (4) = 3, n 1 (4) = 14 and n 2 (4) = 40.
3 The Action of the Little Group E 2 on the Standard Invariants for P
2
= 0
The algebra of standard invariants carries a representation of the orthochronous Poincaré group. It must be noted that for the massive case the energy-momentum vector P µ = δ µ,0 m remains stable under the parity transformation, i.e. the 3-dimensional space reflection, while for the massless case the energy-momentum vector P µ = δ µ,• , µ ∈ {•, −, +, ×} is not invariant under the parity transformation. Instead, it remains stable under the parity transformation combined with a suitable orthochronous Lorentz transformation. We will account for these transformations by including reflections at the 1-axis of the 2-dimensional Euclidean plane in the stabilizer group of the pertinent energy-momentum vector. For the case P µ P µ = 0, P = 0 the little group of the orthochronous Poincaré group is the 2-dimensional Euclidean group E 2 . Using the convention of [2] we understand by E 2 the group of translations and rotations in two dimensions, respectively, including reflections at the 1-axis of the 2-dimensional Euclidean plane. The infinitesimal generators of the little groups of the orthochronous Poincaré group are obtained by the components of the Pauli-Lubanski-Vector
With
(1, 0, 0, 1) in Cartesian coordinates, the three linear independent components W 1 , W 2 , generating the translations, and
, generating the rotations, provide a basis of the Lie algebra e 2 . The conventional basis chosen for the e 2 is given by :
Accordingly, the following commutation rules are obtained:
The Lie-Algebra e 2 may be considered as a contraction of the Lie-Algebra so(3) in the limit m → 0. Unlike so(3), it is neither semi-simple nor compact. In the following, we examine how the generators of e 2 operate on the standard invariants by Poisson bracket operation. In terms of the standard invariants the components of the Pauli-Lubanski-Vector are invariants of degree l = 0, namely
For the case considered here it follows in the selected basis that
•−+ .
Complex conjugation yields a * -operation on the algebra which includes the reflections at the 1-axis. First the invariants Z Employing the angular momentum coordinates e +1 and e −1 the basis of the Minkowski space is chosen to be such that the standard invariants are eigenvectors of J 3 corresponding to the eigenvalue m:
The 
But it should be pointed out that unlike the raising and lowering operators of so(3) the action of W +1 and W −1 only works one-way. Once one of the two generators is applied to any tensor O m it is impossible to reobtain this tensor by the action of the other generator. It is well known that the irreducible representations of the proper orthochronous Poincaré group P ↑ + can be reduced to the irreducible representations of the little groups according to the orbits (P 2 > 0, P 0 ≷ 0), (P 2 = 0, P 0 ≷ 0), P 2 < 0 and P = 0, respectively. A classification of all unitary representations of the Lorentz group has been carried out by Wigner [1] . Among the massless representations there are two classes. One is characterized by P 2 = 0, W 2 = 0, where the generators of the translation are represented trivially. The other one, characterized by P 2 = 0, W 2 = ρ 2 , ρ > 0, describes particles of zero rest mass and continuous spin. One might expect that the algebra of invariants carries a representation of the first type, but this is not the case: the generators W +1 and W −1 do not operate trivially on the standard invariants. Since the standard invariants provide an algebraic basis of the algebra, this can be easily verified by some simple examples. It is sufficient to obtain the action on the leading terms, the dominant monomials. The pertinent computations are performed with the help of the modified Poisson bracket { , } * , introduced in [6] , for the truncated tensors R t µ 1 ...µ N :
The vector space basis of V (1) (h P ) can be ordered in subspaces which are left invariant by the action of E 2 . An inconvenient feature of E 2 is the fact that there is no guarantee for the decomposability of a given representation of E 2 . Unitary representations of any group are always fully reducible, but unitarity does not have to be demanded for the algebra of observables, it has to be required only for physical states.
4 The Presentation of the Algebra of Standard Invariants for
In terms of the standard invariants a system of algebraically independent invariants is known which freely, but not finitely, generate the algebra of invariant charges via multiplication.
Since the algebra of invariant charges is a graded Poisson algebra, the question occurs, to what extent invariants of higher degree can be expressed in terms of Poisson brackets of invariants of lower degree, particularly in terms of invariants of the zeroth and first stratum.
In the (classical) massive case it has been shown in [6] that the closure under forming multiple Poisson brackets of the elements of the Lorentz-group representation-spaces of the zeroth and first stratum does not supply an algebraic basis of the entire set h P . In every stratum of odd degree there exists at least one exceptional element. Moreover, in general a Poisson bracket of two standard invariants does not only yield a linear combination of standard invariants but also a linear combination of products of standard invariants of lower degree. Thus, to generate the algebra, one needs (multiple) Poisson brackets as well as products of a set of generating elements. Here we show for the massless case how the second stratum can be produced by invariant charges of lower degrees. Additionally, we give a presentation of the algebra of invariants up to the second stratum in terms of relations imposed on invariants of the second stratum generated by the standard invariants of the zeroth and first stratum. At the same time V (1) (h P ) and V (2) (h P ) are arranged in multiplets of e 2 . The vector space V (0) (h P ) coincides with the e 2 generating elements J 3 , W −1 and W +1 . The vector space V (1) (h P ) is spanned by 14 standard invariants of degree l = 1 and, additionally, by the products
In the sequel an explicit though somewhat arbitrary basis of these 14 standard invariants is constructed under the aspect of generating the second stratum as simple as possible. An unpleasant feature of the massless case is the fact that the linear span of the standard invariants of the first stratum does not provide a representation space of E 2 on its own, but only the vector space V (1) (h P ) as a whole provides such a representation space. Moreover, it is impossible to avoid that the e 2 invariant subspaces of the first stratum have elements in common. These features will be explained in more detail later on. The particular choice of the basis of the standard invariants of V (1) (h P ) is done according to the criterion that the basis vectors are arranged in preferably maximal e 2 invariant subspaces which overlap as little as possible as far as the standard invariants are concerned. Speaking in terms of matrices, W +1 and W −1 are approximately in block form with the matrix elements being predominately equal to 1 or 0, while J 3 stays a diagonal matrix. This choice has the advantage that the standard invariants of the second stratum being generated by Poisson bracket operation are automatically arranged according to the same criteria. This facilitates the task of finding the relations, which do not emerge by the action of e 2 from one another, in particular the generating ones.
The 20 elements of the vector space basis of V (1) (h P ) are arranged in multiplets of E 2 , which are listed in the sequel. The more interesting basis vectors which provide a basis for the standard invariants of the first stratum are written bold faced. Further notation is explained below. The multiplets are as follows: A 9-dimensional multiplet T :
A 10-dimensional multiplet (A,Ā) consisting of two sets A andĀ withĀ = A * :
A 6-dimensional multiplet U , containing only products of the elements of V (0) (h P ) :
The notation of the invariants is as follows: the lower index denotes the eigenvalue of J 3 , and the two upper indices indicate the multiplicity of repeated action of W +1 (first upper index) and W −1 (second upper index) on the invariant charges generating the multiplets. Since W +1 and W −1 commute, this notation is consistent. If two sets emerge from one another by the * -operation, one of them is labeled with a barred letter. The multiplet (A,Ā) contains the elements −6T
(1,2) −1 − 96J 3 W −1 and −6T
(2,1) 1 + 96J 3 W +1 which differ only by products of W +1 , W −1 and J 3 from elements of the multiplet T . We call such a situation an improper overlap. Likewise, we call correspondingly generalized situations for higher strata an improper overlap, i.e. situations, in which multiplets contain elements which can be expressed as sums of standard invariants of the same degree of other multiplets and of products of elements of lower degree multiplets. Such an improper overlap, however, cannot be avoided by choice of a different basis. Here we see that the linear span of the standard invariants of the first stratum does not provide a representation space of E 2 on its own, but that products of W +1 , W −1 and J 3 are needed to complete the E 2 invariant subspaces. The more interesting multiplets T and (A,Ā) provide 19 basis vectors, so the multiplet U , obtained by repeated action of W +1 and W −1 on J 2 3 is needed to complete the 20-dimensional vector space basis of V (1 (h P ). If we consider all three multiplets, we see that the multiplets (properly) overlap.
Computed explicitly, the basis elements are given by:
(2)
In the following diagrams the structure of the selected basis is illustrated.
1. The multiplet T : 
An arrow pointing upward indicates the action of W +1 , while an arrow pointing downward indicates the action of W −1 . A missing arrow indicates a zero result upon application of W +1 and W −1 .
The multiplet (A,Ā):
(1,2)
3. The multiplet (U ): 
? ? 
V
(2) (h P ), the Stratum of Degree 2
The dimension of the stratum V (2) (h P ) is 92, while the number of standard invariants of V (2) (h P ) is n l = 40. The latter ones can be generated by the standard invariants of V (0) (h P ) and V (1) (h P ), whereby by choice of the basis of the first stratum constructed above they are arranged in multiplets of e 2 . Nevertheless the construction of the basis of V (2) (h P ) is somewhat arbitrary, so the process is shortly explained while the explicit form of the multiplets and the standard invariants at the top of the multiplets are given in the appendix. 3. A basis of linear independent standard invariants of the second stratum is chosen, see in the appendix.
The Relations
The number of possible (multiple-) Poisson brackets is greater than the number n l of linearly independent standard invariants of the target stratum even when the anti-symmetry and the Jacobi identity are taken into account. The 14 generators of the first stratum lead to 1 2 * 14 * 13 = 91 Poisson brackets already accounting for anti-symmetry. Since the second stratum is generated by simple Poisson brackets, no dependencies by Jacobi identity arise. With n 2 = 40 and the fact that all standard invariants of the second stratum can be generated by Poisson brackets, 51 relations must exist. Just as the generating elements of the algebra, the relations can be presented in form of irreducible multiplets of e 2 . In the second stratum there are 5 irreducible multiplets of relations. They are obtained by the action of W +1 , W −1 and the * -operation on the relations at the top of the multiplets:
(1,0)
The notation of the relations is analogous to that of the invariants. However, the set of the above relations does not fully decompose into invariant subspaces of e 2 . In the following, it is shown how the 51 relations of the 2. stratum are organized in 5 invariant multiplets of e 2 . Note that, for reasons of clearness, the relations generated by A Of course, this is not the only way to organize the 51 constituent relations but it is impossible to organize them without overlapping multiplets or with less than 5 multiplets.
Summary and Conclusion
The algebra of classical observables of the closed bosonic string is analyzed for the case P 2 = 0, P = 0. An algebraically independent set of invariants, called standard invariants, is constructed generating via multiplication the algebra of invariants. This construction is done analogously to the construction of the standard invariants of the massive string due to the choice of an adapted basis in Minkowski space. The algebra of invariants for the massless string carries a representation of the stabilizer group E 2 of light-like P in its standard form. It turns out that, unlike in the massive case, the linear span of standard invariants of the first stratum (and, accordingly, of strata of higher degree) does not provide a representation space of E 2 on its own, in contrast to the vector space of the first stratum as a whole, including the products of the elements of the zeroth stratum. The standard invariants of the first and second stratum can only be arranged in multiplets of E 2 which show an improper overlap. This fact complicates the task of presenting the algebra as has been illustrated here for the first two strata. The results obtained demonstrate that the massless string cannot just be treated as a limit of the massive string. 
